INTRODUCTION AND STATEMENT OF RESULTS
In this paper we consider the following semilinear elliptic equations: where Q c FP" (Na 2) is a bounded domain with a smooth boundary LX2, g(x, <) E C(Q x R, R) is a continuous function, and f(x) E L'(Q). We deal with the case where g(x. <) has a superlinear growth; i.e., g(x, 5) satisfies (g,) g(x, 5)/t -+ co as 151 -+ cc uniformly in x E D.
In the casef-0, the problem (O.l), (0.2) is well studied in [1, 7, 93 . In particular, Rabinowitz [9] proved that (O.l), (0.2) has an unbounded sequence of weak solutions under the following conditions on g(x, 4); (g,) g(x, -<)= -g(x, <) for all XE~ and ~E [W, (g2) there are constants ~1~2, SE (2, 2N/(N-2)) (S is unrestricted if N= 1 or 2) and R, C, > 0 such that for all 151 Z R and XEQ.
From the second inequality of (g2), we deduce that lim inf g(x' ') > 0 151-m l5l"-25 . Remark. (g3) is a slightly weaker condition than (g2). In fact, g(x, 0 = 5 log( I t) + 1) satisfies (g3) for p = 2 and s E (2, (2N + 4)/N) but does not satisfy (g2). We also remark that 2N I-<~ (O-6) follows from (0.4).
The case wheref(x) is not absent is considered by Bahri and Berestycki [2] , Struwe [lo], Rabinowitz [8] , and Bahri and Lions [3] . They treat this case as a perturbation from the case f -0 and prove the existence of multiple solutions under the conditions (go), (gi) and some additional restriction on s: (2N-(N-2)s)/N(s-2)>p/(p-1) (cf. [8] , see also [3] ). As another result, we have To give proofs to Theorems 1 and 2, we apply minimax methods to the functional Z(U): HA(Q) + IR defined by To do so. it is necessary that Z(U) satisfies some compactness condition. In Section 1, we verify that I(u) satisfies a weakened Palais-Smale condition, which is introduced in Bartolo, Benci, and Fortunato [4] . In Section 2. we apply minimax methods of Rabinowitz [8] to Z(U) and use the estimates obtained in Tanaka [ 111 of critical values, so that we can give a proof of Theorem 1. Last, in Section 3, following the arguments of Rabinowitz [S]? we give a proof of Theorem 2.
VARIATIONAL FORMULATION AND VERIFICATION OF THE WEAKENED PALAIS-SMALE COMPACTNESS CONDITION
For p E [ 1, CC ) we denote by L"(Q) the space of functions on 52 whose pth power are integrable, i.e., lIz.llP= (SD IuI"'~.Y)"~< #CC. We act on the space H;(Q) with norm Ilull H;cn, = liVul/, = (jn I,"= 1 I&/?.v,l' d.u)' '. We also write (u, v) = fn uv dx for u E Lp(0) and u E Ly(Q)( lip + l/q = 1 ).
Weak solutions of (O.l), (0.2) are obtained as critical points of the following functional:
u)-fi h) for U, h E H,$SZ), where the pairing ( , ) on the right-hand side denotes the duality between H;(Q) and HP'(Q). We show the existence of critical points via minimax arguments. The following property of Z(U) allows us to apply minimax arguments to Z(u). there is a subsequence of (uJ),"= I which converges in HA(Q).
The condition (W.P.S.) is a slightly weaker condition than the well-known Palais-Smale condition. This condition is introduced in Bartolo, Benci, and Fortunato [4] and it is proved that (W.P.S.) is sufficient to get a deformation theorem, which allows us to apply minimax arguments to Z(u).
Proof of Proposition 1. We set m = sup, JZ'(u,)u,l < co. We have from (1.1) and the definition of Z(u),
Using the second inequality of (OS), we get
M++2CI
ll~,ll~-~2-~ll~,ll, IlflIPl~p-~~.
Hence the sequence (u,) is bounded in Lp(Q). On the other hand, using (0.5) and the Gagliardo-Nirenberg inequality, we have where 0 = 2N(s -,u)/(2Ns + 2~s -Nps). Since (u,) is bounded in L"(Q), we deduce s G(x, u,) dx Q C; IlV~,ll;~ + C,, n where C;l is independent of j. Therefore we get M~Z(~,)=fllVu,ll:-~~G(x,u,)dx-(/,~,) 2 4 Ilvu,ll; -cg llvu,lg -c:.
We remark that the condition (0.4) is equivalent to $0 < 2. Hence (u,) is bounded in H:(0), so that, by compact imbedding, it is relatively compact in Lp(Q) for anyPE(1,2N/(N-2)). Since 2N(s-l)/(N+2)<2N/(N-2) by (0.6), we can choose p~ (2N(s-l)/(N+2),2N/(N-2) ).
From the inequality Ig(x, 5)I <a, 1515+' + ai, (g(x, u,) ),"= 1 is relatively compact in Lp"'-~ 'j(Q), also in H-'(0) by compact imbedding with 2N/(N+ 2) < p/(s -1). On the other hand, by (1.2) we may assume that I'(u,) + 0 in H '(Q), otherwise (u,) has a subsequence which converges to zero in HA(Q). Thus we find that -Au, ( = Z'(U,) + g(x, I(,) +f) is a relatively compact sequence in HP '(a). Hence (u,) ,KZ , is relatively compact in H,$f-O
PROOF OF THEOREM 1
We deal with the case f-0. In this case we denote by I,(u) the corresponding functional, that is,
M4=f

IIWj/t x, u) d*xG C'( H&Q), [w).
We apply the following minimax tools: Let (I?,),, w be a sequence of subspaces of HA(Q) such that (ii) In case N = 2, for any E > 0 there are d,,, dzE > 0 such that
By Propositions 2 and 3, the proof of Theorem 1 is complete.
PROOF OF THEOREM 2
In this section we deal with the case f f 0. Following Rabinowitz [S], we will give a proof to Theorem 2. Therefore, we seek large critical values of J(u). As in Section 2, we can choose a sequence of positive numbers 0 < R, < R, < '. such that
for all u E E,, with ~lVulIz 3 R,,.
We also define D,,, r,, in a similar way to Section 2 and define Ilull;.
